Localized structures such as turbulent stripes and turbulent spots are typical features of transitional wall-bounded flows in the subcritical regime. Based on an assumption for scale separation between large and small scales, we show analytically that the corresponding laminar-turbulent interfaces are always oblique with respect to the mean direction of the flow. In the case of plane Couette flow, the mismatch between the streamwise flow rates near the boundaries of the turbulence patch generates a large-scale flow with a nonzero spanwise component. Advection of the small-scale turbulent fluctuations (streaks) by the corresponding large-scale flow distorts the shape of the turbulence patch and is responsible for its oblique growth. This mechanism can be easily extended to other subcritical flows such as plane Poiseuille flow or Taylor-Couette flow.
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PACS numbers: 47.27.Cn, 47. 20.Ft One of the puzzling aspects of dissipative out-ofequilibrium systems is their ability to display spatially organized dynamics even in the presence of microscopic fluctuations [1, 2] . A striking example is the formation of large-scale hydrodynamical patterns of coexisting laminar and turbulent flows found in the subcritical regime of the Taylor-Couette flow (TCF) between two nearly counterrotating cylinders [3] [4] [5] . Surprisingly, the disordered phase breaks the symmetries associated with the geometry and adopts an orientation oblique with respect to the mean flow. In his famous lectures notes, R. Feynman described Coles' experiments as ''barber-pole turbulence'' and expressed his fascination for the richness of behavior hidden within deterministic equations, calling for new methods to deduce qualitative information from the governing equations [6] . Investigations of plane Couette flow (PCF: between countersliding parallel plates [7] ) and plane Poiseuille flow (PPF: between two fixed plates and driven by a pressure gradient [8] ) also showed evidence for similar phenomena [see Fig. 1 (left panel)] . For values of the Reynolds number (the governing parameter R) above those where turbulent stripes form, any initial patch of turbulence can contaminate the whole flow. During the growth, the interfaces delimiting laminar from turbulent are also oblique with respect to the mean flow direction [see Fig. 1 (right panel)] .
A common aspect to all these flow regimes is the spatial competition between a linearly stable absorbing laminar phase and a turbulent phase with microscopic fluctuations. An increasingly large body of experimental [7, [9] [10] [11] [12] [13] and numerical work [14] [15] [16] [17] [18] [19] has ever since characterized such spatially localized structures in PCF and TCF. Several loworder models have suggested plausible mechanisms for the stabilization of spatially periodic patterns [20, 21] , all based on the assumption that the flow can reach a onedimensional statistical equilibrium state (leaving aside the problem of growth from a localized germ). Yet the origin of the obliqueness of the associated interfaces has remained mysterious. In this Letter, we show that the obliqueness of laminar-turbulent interfaces can indeed be explained using simple arguments obtained by a straightforward derivation from the governing incompressible Navier-Stokes equations. A key assumption for the whole analysis is the clear separation between large and small scales in the homogeneous directions of the flow.
We will focus mainly on the case of PCF. We assume that the plates move with opposite velocities AEU in the streamwise direction x. We also define the half-gap h between the plates in the y direction, the spanwise direction z, and the Reynolds number R as Uh=, where is the kinematic viscosity of the fluid, supposed Newtonian and incompressible. Lengths and velocities are nondimensionalized by, respectively, h and U. Direct numerical simulations were carried out with the same pseudospectral code as in Ref. [16] , in a periodic domain of size Ã Â 2 Â Ã with high spectral resolution N x Â N y Â N z (where N y ¼ 33 or 49 for R ¼ 500). We consider in a first stage the established stationary pattern displayed in Fig. 2 (top  panel) . The periodic domain with Ã ¼ 250 used here accommodates two stripes in x and three in z. Figure 2 (middle panel) shows a time-averaged two-dimensional premultiplied spectrum [22] associated with u x ðx; y ¼ 0; zÞ, the streamwise velocity in the midplane y ¼ 0 (the spectrum is computed using a zero-padding procedure). Scale separation appears clearly in Fig. 2 (middle panel) via the existence of a spectral gap between the white lines associated with ¼ 20 and ¼ 50 (where
The small scales in z do not exceed a few units of h and correspond to the chaotic dynamics of streamwise rolls or streaks, while those in x are slightly larger (%10-20) and correspond to the streamwise coherence of the streaks, so that % 3-4. Large scales are typically %100 [23] . The spectral gap justifies the use of an isotropic low-pass (respectively, high-pass) filter L (respectively, H) in Fourier space, based on a cutoff wavelength c anywhere between 20 and 50. Ideal filters are of Heaviside-type (with L ¼ I À H). In practice, two-dimensional Gaussian filters are more appropriate when applied to spatially discretized data such as experimental and/or (here) numerical ones. We consider the velocity field u ¼ ðu x ; u y ; u z Þ and split it as u ¼ U þũ, where U ¼ Lu andũ ¼ Hu. We also define the wall-normal averaging by " ðÁÞ ¼ 1=2 R ðÁÞdy. The wallnormal averaged large-scale flow ð " U x ; " U z Þ associated with the stationary stripe pattern is computed using c ¼ 50 and is shown in Fig. 2 (top panel) (white arrows). It is dominated by two-dimensional currents localized in the vicinity of the turbulent interfaces and flowing parallel to them. We define the angle ¼ arctanðU z =U x Þ and display its probability distribution function (PDF) in Fig. 2 (bottom panel) both for the y-averaged flow and the y-dependent one. The data for the PDF are restricted to the spatial zones where j " U x j exceeds half its maximum, as will become clear later. PDFs corresponding to various given values of y are approximatively Gaussian, and the angle corresponding to their maximum decreases from ¼ 45 in the midplane (y ¼ 0) toward % 0 near the wall (y ¼ 1). Considering the y-integrated flow ð " U x ; " U z Þ, one recovers a clear Gaussian distribution peaked at % 30 . This angle compares well with that of the pattern, which does not depend on y and is here given by the geometrical relation ¼ arctanð2=3Þ % 33:7 . In a second stage, we turn our attention toward localized spots such as those shown in Fig. 1 and focus more specifically on the transitory regime prior to stationary patterns, where localized spots grow in an oblique fashion, i.e., for R 380 [16] . Such spots are characterized by streaks of streamwise extent smaller than c . The y-averaged large-scale flow ð " U x ; " U z Þ around such spots is shown in Fig. 3 . As for the pattern shown in Fig. 2 (top panel), ð " U x ; " U z Þ is aligned predominantly with the time-evolving laminar-turbulent interfaces, except near the geometrical extremities of the forming stripe.
The direction of the large-scale flow associated with any streamwise-localized turbulence patch can be understood by considering the original incompressibility constraint:
Applying successively the low-pass filter L and y-averaging (both commuting linear operations) yields 
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where the wall-normal velocity term vanishes because fluid does not penetrate the walls, i.e., U y ðy ¼ AE1Þ ¼ 0.
The field " U x ðx; z; tÞ measures the instantaneous flow rate through a cross section of spanwise extent unity. Because of the up-down antisymmetry of the boundary conditions of PCF, " U x is zero where the flow is laminar, and is close to zero where the flow is turbulent, e.g., in the core of any turbulent patch. Because of the mean shear, the location of turbulent fluctuations is, however, not independent of the wall coordinate y: the turbulent zone is delimited in x by so-called overhang regions where locally turbulent flow near one wall faces nearly laminar flow close to the opposite wall [3, 24] . These are the diffusive tails of the spots, with a streamwise extent Ã x $ R. In those regions, the updown antisymmetry is absent and the flow rate corresponding to turbulent flow is not exactly balanced by the laminar flow rate (see Fig. 4 ). As a consequence, " U x differs from zero inside the overhang regions. Since overhang regions connect regions with vanishing " U x , they are characterized by a mass flux gradient @ x " U x , which must be balanced by a mass flux gradient @ z " U z in the transverse direction, according to Eq. (2). Except at singular points where " U z ¼ 0, the large-scale flow must hence possess a spanwise component. Together with the mean flow component " U x , the large-scale flow corresponding to the overhang regions is hence oblique with respect to the streamwise direction, as is evident from Fig. 2 (top panel), Figs. 3 and 4 . If the turbulent patch is also of limited extent in the spanwise direction, the in-plane incompressibility of ð " U x ; " U z Þ, ðx; zÞ induces recirculation zones further away from the laminarturbulent interfaces, which is evident in Fig. 3 by the quadrupolar shape of the flow [25, 26] .
In order to understand the effect of this large-scale flow on the shape of a laminar-turbulent interface, we now use the wall-normal momentum equation (without y-averaging). This equation originally reads
where we deliberately make a distinction between the j ¼ x, z components and the wall-normal (y) direction, and where p represents the nondimensional pressure. Application of the L filter results in an equation for the large-scale flow U y :
Equation (4) contains a Reynolds stress term, in analogy with the Reynolds decomposition used for turbulent flows.
Here, however, the role of ensemble averaging is played by the low-pass spatial filter. We focus rather on the residual equation for the evolution of the small scales, derived from Eq. (3) by applying the high-pass filter H. Using the continuity equation for large scales @ y U y ¼ À@ j U j and for small scales @ yũy ¼ À@ jũj this equation writes
The scale separation hypothesis impliesũ j @ j U y ( U j @ jũy andũ y @ j U j ( U y @ jũj , leading to
where fðũÞ ¼ ÀH½ðũ Á rÞũ y . Equation (6) expresses the advection of the small scales by the large-scale flow U. Within the overhang regions,ũ y is small though nonzero, and the nonlinear term fðũÞ can be neglected at leading order, turning Eq. (6) into a Leray regularization of Eq. (3) [27] , with a y-dependent advection velocity U. This equation may be linked to the experimental observation of ''waves'' near the tips of the spots [11] .
We can now suggest a mechanism for the obliqueness of stripes such as in Figs. 1 (left panel) and 3 . A forming stripe pattern should be seen as a growing turbulent spot made of streaks (spanwise modulations of streamwise velocity) of finite streamwise extent. It is known from experiments that PCF turbulence spreads spanwisely via the nucleation of new streaks. Recent simulations in a streamwisely Fig. 3 (right panel) for z ¼ 5. y-dependent large-scale flow U x ðx; yÞ (thin blue lines) with the base flow subtracted. y-averaged streamwise velocities " U x ðxÞ and " U z ðxÞ (respectively, red and black lines). Grey zones indicate the overhang regions using the criterion j " U x j > 0:5 maxj " U x j. The scale for the velocities is arbitrary but is the same for " U x ðxÞ and " U z ðxÞ.
restricted domain (preventing the formation of a largescale flow) have highlighted the stochastic nature of the streak nucleation [28] . Recognizing the small fluctuations ofũ y near the interface as the signature of newly nucleated streaks, we deduce from Eq. (6) that they are advected in the direction of U, which as we have seen is oblique with respect to the x direction. The local orientation of U hence determines the direction in which the turbulent patch elongates every time a new streak is added via a nucleation event. Note that unlike " U, the direction of U depends on the coordinate y, as shown in Figs. 2 (bottom panel) and 4 : the exact direction for the front propagation thus depends on the wall-normal position where the new streak has been triggered, which is inherently stochastic. This justifies why the angle measured for turbulent stripes (i) is defined as a large-scale quantity and (ii) is not unique [16, 29] . A continuous distribution of values for is possible a priori in the absence of a selection by the experimental or numerical boundary conditions [15, 29] . Stochasticity of the streak generation process acts on the large-scale flow as intrinsic noise that can even break the symmetry $ À after a sufficiently long time. The global labyrinthine aspect of spots observed at late times [16, 19] may result from a random sequence of symmetry breakings occurring at the extremities of the developing spot. For larger values of R ! 380, streaks start to elongate in the streamwise direction while their spanwise rate of nucleation increases rapidly [28] . Those combined effects accelerate the spreading of the turbulent spot while the obliqueness of the turbulent interfaces is qualitatively preserved, as can be observed for R ¼ 500 in Fig. 1 (right panel) .
Oblique growth of spots is also expected in plane shear flows driven by a pressure gradient, a prototype being PPF [30] . Transition to turbulence in PPF is also subcritical for R 5772, where R ¼ U cl h=, with U cl the centreline velocity for the laminar base flow. Contrarily to PCF, the no-slip conditions at both walls [uðy ¼ AE1Þ ¼ 0] are here symmetric, which rules out the existence of asymmetric overhang regions. When entering a spatially localized turbulent patch, the streamwise flow rate is known to decrease along the x direction because of the higher wall shear stress induced by the streaks. A nonzero gradient of " U x thus also exists in the region connecting laminar to turbulent. Because of Eq. (2), this change in the local streamwise flow rate must be compensated by a gradient @ z " U z . Except at singular points where " U z ¼ 0, the largescale flow ð " U x ; " U z Þ must hence also be oblique with respect to the streamwise direction [23] . As in the case of PCF, advection of the small-scale fluctuations by the full largescale flow U is responsible for the obliqueness of the laminar-turbulent interface of growing incipient spots as well as for maintaining turbulent stripes [8, 23] . The same scenario is expected to hold for other planar or quasiplanar shear flows, e.g., subcritical TCF when the quotient of inner to outer radius approaches unity.
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